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FOREWORD

Computer programs were written to calculate the power losses of the dominant

mode on a dielectric rod at points where the rod has a change in diameter due to

either a sharp step or a gradual taper. The equations used for the computation

are those of Dietrich Marcuse. The first program calculates the power losses at

a step in terms of the step size and the dielectric constant. The second

calculates the power losses for tapered roas of differing lengths, dielectric

constants and taper shapes. The results. are summarized in the tables.
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PART A: GENERAL THEORY

The equations governing the power losses of a cylindrical dielectric rod

due to variations in radius and dielectric constants have been deduced by

D. Marcuse. Starting from the solutions to the Maxwell equations, he

deriv,,es the expression for the power loss in terms of the coefficients of

transmission and reflection at a "step" (VIZ: a jump discontinuity in the

radius). These coefricients are calculated using the approximation that the

reflected radiation modes are approximately orthogonal to the incident modes.

Assumin\ cylinarical symmetry, the fields of the incident bound mode are:

EZ = AJ (Kr) cos v (la)

HZ - B J) (Kr) sin V (lb)

Er = -i [ 8o A J' (Kr)+ W 1 B K J (Kr)] cos V (1c)
2  L V + r

E = i A -J (r) + K w p B J c (r sin v (ld)
L r

IMarcuse, Dietrich, "Radiation 'Losses of the Dominant Mode in Round Dielectric

Waveguides," Bell System Techni\al Journal, Oct 1970, p. 1665.ff.

\ 7
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Hr = - Ed A r j (Kr) + K . B J'(<r)] sin v (le)
K2 LrK

H = - n K 0 A Jt  (r) 'o B 2. J % (r cs V (if)

th
Where v is an integer, J is the v order Bessel function and the factor

exp i(Wt - oz) has been omitted from each term.
I0

k2 = W2o IPo (2a)

K2 = n2 k2 - a2 (2b)
0

n2 = dielectric constant

o = propagation constant to be determined by the boundary conditions.

The fields outside the cylindrical rod are:

EZ = C H1 (iyr) cos v (3a)

H Z = D HI (iYr) sin vJ (3b)

[(1)' (1) )

Er = i i Y 5 C H (iYr) + w U. Dv Hv (iYr Cos ) (3c)
y2 0 r

E L= C IV H (iYr) + i w p y D H (iYr sin V (3d)

F v_[ H(I ) (1)' )1

H i [w C - (iYr) + i y 8 D H (iYr)J sin V (3e)
r y2 r Vo

FC (1) v (i)

H4 -L i -i' c CH (iyr)-* D H C (i3f)

8
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Where the H's are the Hankel functions of the first kind of order v and

I q2 k2  (4)
0(4

To insure the continuity of the fields at the interface, the following

eigenvalue equation must be satisfied by S 0

2 (J a ( -aa i H 1 ) (iya)
[n2 -( + ya (0

K a) a) (1)
Hl (iya)

K (.a) ai H(1  (ia) 10J_ _ .l +ya 0-

(Ka) K(1)
HI  (iYa)

[ ki 2
n2 - 1 (5)

2

(We have set v = 1, specializing to the lowest order mode.) When this

eigenvalue equation is satisfied, the condition of continuity determines all the

coefficients in terms of A. The coefficient, A, is determined by the power in

the mode, as is discussed below.

The fields described so far are the bound modes and they fall off rapidly with

distance from rod axis. Inside the dielectric, the expressions for the fields of

the radiation modes are the same as for the bound modes with A, B and N replaced

by F, G and a respectively. Outside the rod, these fields are given by:

9
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EZ = [H JV (Pr) + i Y, (or)] cos V 4) (6a)

HZ=[K J (Pr) M Y, (Pr)] snV (b

Er i 2I 8 [H J' (Pr) + I Y' (Pr)]

+ W P [K J. (pr) + M YV (Pr cos V 4 (6c)

E L H8 J~[ (Pr) + I Y (Pr)

P T

+ P W P. [K .3' (Pr) + M Y' (Pr) sin V4 (6d)

Hr -= 2- w [H 2 (Pr) + I 
-

(pr)J

+ P 8[K .3' (Pr) + M Y' (Pr)]( s in V 4)(6e)

H4  - P w E~o [H J (Pr ) + IY(P

+ $ .... J, ( pr) + M ,N p) cos v 4 (6f)

where p2 = k 2 - $2  (7)

The extra coefficients arise from Lhe fact that we can no longer require the

fielas to approach zero so rapidly. Their presence makes it possible to insure

the continuity of the fields without the eigenvalve equation being satisfied.

The equations arising from these conditions are sufficient to oetermine the

coefficients H, I, K and M used above, and also to determine the ratio of the

coefficients (We specialize to the case v = 1):

10
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F 0 (g - b) + (e - d)- + C + f(

11G 0  (g - n b) 2 + (e n d)2-+ 2 +7 2 (8)

where b = p/a J'(aa) Yl(Pa) (9a)
1

c = (n2 - 1) k i Jl (Ca) Y1 (pa) (9b)
P a2 a

d = p/a J'((oa) J (pa) (9c)
1 1

e = J (aa) J'(pa) (9d)
I 1

f = (n2 - 1) k B j (aa) J (Pa) (9e)

pG 2 a 1 I

g = J (aa) Y'(pa) (9f)
1 1

(72 = n2 k2 - 2 (10)

This equation has two roots corresponding to the different choices of sign

for the ratio F/G. As Dr. Marcuse indicates, this corresponds to the even

and odd modes to be found in slab-symmetric problems (cos 0 and sin terms).

To completely specify the problem, we have to specify the power in each mode:

= IT .b Ga 2 nd fG
S("-2) w [g - b + c + - d + f c

+ + (g -b) oj +f + (e-d) 10 G F (11)

1See footnote i on page 7.

. . . .. i ... . . . . . .... .. . .i . . . . .. .. . . .. . .
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where b, c, d, e, f and g are as above.

When the power in the mode is specified: then, for each choice of sign or

F/G, F can be calculated and then G and finally H, I, K and M giving a full

description of the incident fields.

When the incident fields strike a step, the continuity of the tangential

components of the electric and magnetic fields requires that

E + a E r (P) E (P) + p ( ) E (P dpr r r 0 r r,l r r,2

t)*(t) (t)
c E + [ (P) E (P) + p (0) E (P dp (12)

t r 0 t r,l t r,2

with similar equations for E , E, Hr, H and H
9 ' z

ct coefficient of transmission

a = coefficient of reflection
r

q (p) the amplitude corresponding to the amount of power scattered into

the mode, P, for the first choice of sign for F/G

p (p) = same as q (0) with the sign of F/G reversed.

12
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The superscripts i, t and r refer to the incident, transmitted and reflected

waves respectively.

An exact solution to the resulting set of equations would be extremely

difficult. However, an approximate solution to the problem can be obtained by

ignoring the reflected radiation when calculating the coefficient, ct. If the

steps are large, the radiation will be predominantly in the forward direction,

so neglecting the backward radiation seems justifiable in this case. If the

steps are small, then the radiation modes of the reflected radiation are nearly

orthogonal to the incident radiation modes and our approximation would seem

justified in this case, also.

Witn this approximation, it is possible to calculate the transmission

coefficient, c , and also the reflection cbefficient, ar, at a "step". If P

represents the incident power, then:

21 12c = 1 (13)

t (II + 12 )P

I - 2

a 1 2 (14)
r I I + 12

where the two integrals are given by:

13 j
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(S A -w p 1 I( 2 a2
2 2 1 1 o 2 2 1

2 Hl(i Y2 a2 )

L J ( a ) 1 (a a ) H (i y a
2 2 1 o 2 1 2 1 22

K 2 2

121

A 1 w p B 1 ( n 2w E A - . B J ( a ) J (K a 2
2 2 IIo2 2 2 1 1 2 1 22

1 2

KJ ( a) J (K - K (K a) J (K a
1 1 2 o 2 2 2 o 1 2 1 2 2

J (K a )
+ 1 (we c o A A 2+ w p2 B B ) 1 2 2
Y2 o 1 2 2 1 2 1

H1 (i Y 2 a 2 )

I i a J (K a 2 ) H (iy a ) - i a J (K a ) H ( y a)

2 +2 2 1 1 2 o 2 2 I 1 1 1 o 2 1

2

+ Y2 (a J (K a )H (i y a ) -a J (K a )H (i y a

2o12 1 22 1 o 1 1 1 21

a J (K a) /i 1
+ 1 H (iy a )H (iY a)

2 1 1 1 1 o 2 1
2 YI H1 (i YI al)

- 2 H (i Y a H (i Y a ) (15)
YI o 1 1 1 2 I

14
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T 1 (22 B (K a2 )2 -_ 011 2(n w z A - B B ) A - B ) 2 2
2 2 2 o 1 1 1 2 1

iH 1 (i Y2 a 2

( Oc a) H (i y a ) - _J (K a ) H ( a]
2 Y2 Y2

J (K a)
+ (w E A - B )($ A - B ) 1 2 2 J (K a )H (i y a )

22 0 1 11 2 2 2 1 1 1 1 21

1 Y H (i Y a)
1 2 2

+ 1  (w £o $. A A + w ( B B2
yy2( 2" 02 2 2 1+ 1BB) 111

1 - H 1(H y a )
7 1 I I

J ( a ) r; 1 1I
1 2 2 iY H (i y a ) H (i y a )- iy H (i Y a) H (iy a)

1 1 1 1 1 o 2 1 2 0 1 1 1 2 1

HI (i Y2  a

L_ (nw C $ A A + w i j B B)

S o 2 1 2 1 1 2

a J (K a)- J (K a) J (K a
Ka2 K (K Ji a 2 o 2 2 0 1 2 1 22

1 2

J (K a) / I
1 1 22 (a J (K a ) H (i Y a -a J (K a) H (i Y a)

K2 +y2 0 12 1 22 1 11 1 2
1 2 HI  (i Y2  a2 )

K I I i
+ _ i a J (K a H (i y a ) - i a J (K a ) H (i Y (16)

Yl 2 1 2 o 2 2 1 1 1 0 2 1

15
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The subscripts 1 and 2 indicate a quantity found to the left of the step or

to the right, respectively. The quantities, A and B, are the amplitudes of the

electric and magnetic fields inside the rod. P is the power associated with the

dominant mode (V - 1). With the aid of these coefficients, the power loss

becomes:

A 1 - Ic 12 - ja J2 (17)
P t r

This equation is suitable for the power loss computation for an abrupt

step. Alternatively, the power carried away in the radiation modes could be

calculated directly from:

AP = k{ qj 2 + I p 2 d (18)
P -k

Both reflected and transmitted modes are automatically included by

integrating from -k to k instead of 0 to k. If we take a = a (z), then

6a = da Az and da will be small so that an abrupt step is replaced by a sequence

of small steps. The resulting value of q is:

q(p) = f I(P, z) !L ex i ( ds dz (19)
dz 00 0

16
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The function q (which governs the losses of the "even" modes) corresponds to

one choice of sign for F/G, while p (p) corresponds to the other choice (see the

expression for F/G above).

The function, I(O, z), is calculated by expressing quantities to the right

of a small step in terms of quantities on the left and a Taylor series

expansion:

F(a )= F(a ) + 9F Aa +
2 1 (a a=a

the higher order terms being neglected.

iT

l(p, z) = - J (Ka) *
2 2 1

4P Y P

+ Jo (Pa) + Wa P B a

H (i y a)

r 1 _ 1_ _ O
S o H (-I (pa

Y+ p2 '(

(B + yr P c I pBJ

17
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1

H (i y a)
0

y Y (pa) + iP I Yt (pa)
H (i y a)

a I - _1 Y (Pa)
Ly 2 + 02 y P 1i

[2Yopa K~ aHY

2+(k + s ( ) + B J (pa)0 Aa .a

+ AL+ B LY (pal (20)(3a 3a/ 1

The partial derivatives required for this function are:

X_ To I ( pJ (a) Y '(Pa) + 2- -pa + n 2 -a
aa 2 o 1 pa

J (aa) Y (pa) + (n P Ia - 1) J (oa) Y (pa)'F

+ 2 - ) k2 B IcJ (aa) Y (pa) + p J (Ga) Y (pa)

w E a2 P 0 11 0

0

Ja i (aa) Y (Pa) G] (21a)

' - La- -n Jo (oa J'l Oa)~ + 2L - pa + n2 pa - 20

[ 22 ( a a) + pa + ()
1a 1 pa 1 y2)

J (aa) J (pa) + (n P la - 1) J (aa) J (pa)F

18
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+ (n 2 _ i) k 2  1 P J (a) J (pa) + P J (Oa) J (Pa)

0

S2 (a) J (Pa)j G] (21b)
a i 1

3a 2o (n 2 ) k 2 1 (Ca) Y (Pa)

aa 2 0 ( k P 0 1

+ p J (am) Y (pa) - 2 j (aa) Y (pa) F +ja J (aa) Y' (pa)
0 a 0 ) 1

+ 2 1 (ora) Y (Pa) - 1 J (Ga) Y (Pa) G (21c)
P Ta I 1 1 0 )J

Ta - 2 a) k J(Ca) J (Pa)a 2a P 0 1

+ p j (9a) J (pa) - 2 j (Oa) J (pa) F +4a ((a) J' (pa)
1 o a 11 o

+ 2 J (aa) J (pa) J j (aa) J (Pa )G (21d)
POa I I C1 o1J

These equations are sufficient for the power loss computation from a tapered

rod.

In evaluating the integral, the end points of the region of integration

2 2 2
where - + k are singular because P = (k - B2) will be zero at both end

points (see formula 18). But this singularity is only apparent and not real for

19
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ira LIL2 
=hli L =L

-Pk P $-+k P

The calculation is tedious, but as a k, F/G-) (from 8) and, for the even

modes (F/G > 0), from 11, we can show

rli F InP = F

a-k 47 0

exists, while for the odd modes, lim F.p - 5 / 2 exists. For the even modes:
3-k

)5/2p 3 a Y Jo(pa)+ p H* J (Pa) Jl(pa)

Io oa 2+ 2 p7

2
+ (k + 3Kj (pa) A

=F a a J (a a) (8 + k) k V_7A
0o 0 0 00

a = ; k F = lim F lnP
0 0 a-

-L/2 1  a Y Yo(pa) + P H* Yl ( a )  YI ( P a

L = lir p' ( + 13) y p 0.j E I [ 1P)-Y(a

2 8-*k 0 o +E a y2 + 2 7 1

S 8) a Y (pa) A= - L

o aa

S( ) J Y (Pa) +pH*J, (pa)
-5/2 _( 2  a)]

+ (k 2+ 8 )J (pa) 3H Bo 1 aa

i 20
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= F a (83 k)k a a J1 (a a) B

L~ ~ / r 5 2  
+)ypwj a Fay Y (pa) + p H* Y Vpa) Y (p a)

4 0p o 3a L .~2 + P2 Yp J

9\

+ (k- + 3 1~ Y (pa)B L

urn I (P.,Z) =0

For tbe odd modes, the same result holds, but its derivation is easier.

At the other end point of the region (3=-k) , the even modes have:

-5/

while the odd modes have

jim F Ing = F
S~-k 3

Then, for the even modes, it is easy to show that lim I (Pz) 0 while the odd

modes yield the same result after much difficulty, although the calculation is

substantially the same as for the even modes near 3k.

There is another apparent singularity at 3=0 where formula 11 gives an

infinite value of F. But this, too, is not a real singularity; for, as $3.0:

CY nk k

21
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and all :hree Limi~s: lim F/G, Iir F and Iira, C' a xis t. ence th

limits:

im Ti1 'R , m and Iia exist for both

choices of the sign of F/G and so too does limra I (p, z). So the integrand

ji 17/p. z) has a finite limit at = 0 for both even and odd modes.

22
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PART B: NUMERICAL PROCEDURES

A computer program was written to calculate, from Equation A-17, the losses

of the dominant mode at a step. The first requirement is to solve the

eigenvalue Equation (A-5) for Y. The eigenvalues were found to be very small in

the range of interest so the functions of Equation A-5 were expanded in a power
n

series in x and Inx (x ya) and terms involving x for n > 2 were ignored

(see Appendix A). This led to the approximate formula:

ya - 1.123 exp .5 n + 1 o 0 (I)
o a J1 (--a)J

Wnere K = - iTk. This formula seems to be valid as long as K a
0 0

< 2.4048, the first zero of Jo (x). This value (ye) was used as an initial

guess and a step of 10% of ye was used. The difference in the two sides of

the eigenvalue equation was formed for several values of y starting with .7 * e

and increasing in steps of .1 * Y until a sign change was produced. A

Regula Falsi method was then used to determine precisely the value of y. The

values determined for f = 2.75 X 10 and n2 = 2.05 are plotted against k*a

for the range .7 < k*a < 3.0 in Figure 1. The final values cf Y are compared

23
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with the values estimated from the simple formula (1) in Appendix A. The

agreement is strikingly good (all things considered) for values of k*a < 1.

With the value of y available, 0 and K can be calculated:

0 ka (a) 2  n2 [Jo (Ka) 1

Vo $ (1 K2/2) KaJ (a)

B H (iya) _ (
ya I Ya

L H
1 

(iYa)

This ratio was calculated and turns out to be very close to Eo for

.7 < k*a < 3. In the expanded scale of Figure 2, the differences are noticeable

but they are less than 1%. With the aid of B/A, it is now possible to compute A

from the formula:

S(aK (Ka) + J (Ka - 2 J (aca (n2 11o

4I I C O2

+ _ [-__J(_)_ +__
(2 Hl (iYa)) o A

+ n k + +k 2
+ B(Ka 0 A (3)

44 4 1l

25
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Assuming unit power in the moce, all the quantities are known except A and

the values of A are computed and plotted in Figure 3. A represents the

amplitude of the z component of the electric field inside the rod. For very

small radii, the amplitude is very small because most of the energy is outside

the rod and the inside fields are weak. As the radius increases, the amplitude

of E increases passing through a peak near k*a = 1.8, then falling off. Now
z

if k-a = 1.8, then D/X (ratio of rod diameter to radiation wavelength) will be

about 1.8/7 or .57. This is just a tad larger than the value of .5 which Yip
2

claims to be the optimum condition for transfer of power to the dielectric

rod. Yip's work was for a dielectric constant of 2.56 and, when the calculation

is repeated for that value, D/,\ turns out to be .51 (approximately).

With the aiu of the quantities computed thus far, it is possible to evaluate

numerically the two integrals Marcuse gives and from hem to compute the

transmission aro reflection coefficients and, thereby, the power loss:

2 2

AP= l- c - la 1

P t r

The values of these for various values of ka are listed in Table i.

TABLE I POWER LOSS AT A STEP

ka I ct ar APiP

1.4 .169 -.0207 .971

1.8 .518 -.0476 .729
2 .779 -.0649 .389

2.6 .917 -. 0701 .155

1 3.0 .975 -.0680 .044

Power Loss at a Step From A 13, 14 and 15; f = 2.75 X 1010,
n2  2.05 and Step Size = a2/a 1 

= .5.

2Yip, Gar Lam, "Launching Efficiency of the HE - Surface Wave Mode on a Dielectric

Rod." IEEE Transactions on Microwave Theory and Techniques, Vol. MTT-18 ,F12,

Dec 1970.

27
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37

32

27

22

17

12

7

4.5

2 0.5 1.0 20 3.0

ka -

FIGURE 3 AMPLITUDE OF THE Z COMPONENT OF THE ELECTRIC FIELD (UNIT POWER
IN THE MODE) VS ka INSIDE THE ROD

28
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From the table, it is clear that the power losses fall off rapidly with

increasing values of k*a. Indeed, if k*a > 1.8, the power loss varies inversely

with the square of k*a (see Figure 4). This will serve as an approximate guide

for calculating losses in this range. A complete listing of the program is

given in Appendix B. For the tapered dielectric rod, the power loss-may be

computed from A18-A21. In order to use these formulas, the values of Y, 5o, A

and B must be calculated for each value of the radius, a. In the tapered

dielectric, a is a function of z and the first requirement is that a suitable

function be chosen. Four different types of function were used and the graphs

were (a) linear, (b) exponential, (c) parabolic and (d) elliptic. When the

functions were chosen, the axis was divided by 50 points and the radius at each

of the fifty points calculated. The eigenvalue problem was solved for each of

the points and the values of Y, A and B were stored in arrays. The ratio F/G

was evaluated and both values of F (one for each choice of sign for F/G) were

3H
calculated and the corresponding values of G. The partial derivatives 7-
31 3K an3M

' 3Kand a were then evaluated and, finally, I(0, z). The -integral:
'Fa ' ra 3a

[exp-i f (6o - ) ds] was evaluated using Simpson's rule when z/Az was
0

even. hen z/Az was odd, Simpson's rule was used to calculate the integral up

to z-Az and the trapezoidal rule to extend the integral to z. With I(p, z) and

the a-integral both defined, Simpson's rule is used to calculate q(p) & p(p)

from A19 and used again to calculate the power loss from A18.

For the linear tapers, the step was always .5 and the length was varied to

make the taper more or less steep. The dielectric constant was also varied to

study its effects on the losses. The results are summarized in Table 2.
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TABLE 2 POWER LOSS OF A TAPERED ROD (LINEAR TAPER)

n2

1.5 2.05 2.56

10 .42482 .11898 .034436

L/a 20 .30241 .067682 .016090

100 .045451 .010152 .002784

Power Loss (AP/P) as a Function of Dielectric Constant (n2 )

and Length to Radius Ratio (La ) for f = 3 X 1014,
a, = .4 X 10- 6, a2 = .2 X 1016, ka = 2.513.

As is readily seen, long rods lose less power than short rods and high

dielectric materials lose less than low ones. For exponential tapers with

exponent 4.6 (ie: exp - 4.6* z/L), the results are summarized in Table 3.

TABLE 3 POWER LOSS OF A TAPERED ROD (EXPONENTIAL TAPER)

-n
2

1.5 2.05 2.56

10 .45190 .12191 .020800

L/a 20 .36540 .045',15 .0025997

100 .054494 .0012596 .0022469

50 .0016464

Power Loss as a Function of Dielectric Constant and Length
to Radius Ratio for an Exponentially Tapered Rod.

(Frequency & step size as in Table 2)

Comparison of Tables 2 and 3 show that the exponential taper is not very

much better than the linear taper in the region considered. The question

naturally arises as to whether the exponent -4.6 is the best choice. So a

family of exponential curves was chosen (exp - p * z/L) and the dielectric

constant was taken to be 2.05. The calculations were then performed for various

values of p. If p , the curve approaches a step and the results of the
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preceeding section are applicable. If p - 0, the curve approaches a straight

line and the linear taper calculations apply. The results are summarized in

Table 4.

TABLE 4 POWER LOSS OF A TAPERED ROD (VARIOUS EXPONENTS)

L/a i1

3 10 30 100 taper

0 .119 .010152 Linear

3 .227 .110 .02437 .00131 e-3z/L
t
p 4.6 .122 .00126 e-4 -6z/L

7 .244 .163 .02364 .00230 e- Tz/ L

.194 .194 .194 .194 STEP

Power Loss for Various Exponential Curves and Various Lengths.
n2 = 2.05.

From the table, it appears that minimum power losses occur for different

exponents depending on the value of L/ai. For L/al = 10, the minimizing value of

p should be close to 3, while for L/aI1 = 100, it should be nearer to 4.6. The

dependence of p on the dielectric constant would require further calculation.

Two more tapers were calculated for various values of L/A. The first was a

parabolic taper with the vertex at the thin end of the rod and the second was an

ellipse whose center was above the thin end of the rod and to the left of the

thick end (see Table 5).
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TABLE 5 POWER LOSS OF VARIOUS TAPERS

- L/al

Taper 3 10 30 100

Ellipse .21935 .10793 .021004 .0015239

Parabola .229 .11975 .036586 .001378

The elliptical taper has lower losses than the parabolic for short antennas

and the same is true when the elliptical rod is compared with the

exponential and linear tapers.

A complete listing of this program is given in Appendix B.
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APPENDIX A

SOLUTION OF THE EIGENVALUE PROBLEM

For the bound modes, it is necessary that satisfy the eigenvalue
0

equation.

i H, (iya) 2- 2 To (<a)7i 1

[ in 1 (ia aylo 0 Ka1 -a 0 - n _ ___- i
1 ( J (K a) < aj

HI (ia) I

I -Ya 0 a¥ 2 _

I J (.<a) F

HI (iya) I

2 2 22 2 2 22

= 0

wh'ere y = - k and < n k -1 = (n -1) k - Y

Set Ya = x , = * anu ka =k*

Expano trne term j. in a power series about x = 0 and set tj

J (K T

t = c, o where * = n-i k*

1 J (* <'

A-1
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i H (iYa)
Expand ya in a power series in powers of x and Inx. The result is:

H1 (iya)

I
,i H (iya) 2 [y 2

i (yaio - - (y'a) + L + O(ya)1 2

Hl (iYa)

where Y1 = the Euler constant = .5772

The eigenvalue equation for ya (=x) becomes:

x (y + In x) + n x t

0

1 - x (y + In 2) + t

(n 2 _l2 * 2 (k* 2 x 2 )

2 * 2 2 2
- 1) k - x

2x

(21 x 2 t 40x1+ -

1- x Y + 2 In +(n + 1)i) + )(x k

0 _ _

(n 2 - 1) k)*
2

- x 2  Y, + 2 In -+ (2+11) + o(x4) ( 2 + *2

0

k(+ 7) (n'- 1)k 2  ))
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-x2Y + 2 1n + (n + 1) 1) 2_ 2 4 ~
/2 2 2

0 K (n -) k

2 y +2 In + (n + 1) 1. 1 + 2 + ox )

I k (n -I

(n2  + 1) t n + I2 +2 In X + --- __ _ - --

1 1 " 212
0 k In' 1

2 _ 2 + -2 Y n 2 + I 1

_____ ~ J (K*)2 K

['n 0 o 0

2 2

* 2 *

K =(n - 1) k
0

n 2 + 1 n 2 +1 1 0~n= L±~ Kn -+ i = n + I I _ i - I y + n +

2 2 *2 2 2 1
0 n - I k 1 o0

in + + 0 o + O(x )
It2 i 2 K** I

2 + J (K*)

x ; 2 exp (-Y) exp n I 1 0 0

0 Jl (Ko)
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y exp (-.5772) exp - n +( 1n7 ka

a 2 ka~~~ -1 (~7T-an I J Il - 1 ka)

2 1 (Ka)
ya 1.123 exp - In + 0 0

2 K a J (K a)

o 1 o

This formula gives an estimate for the value of y that satisfies the

eigenvalue equation. The estimate will be reliable when (1) ya<<l and (2)

V n2 - ka < the first zero of J = 2.4
0

TABLE A-i SOLUTION OF THE EIGENVALUE PROBLEM

For n2 = 2.05 ka< 2.4 = 2.34

ka ya (formula) ya (computer calculation)

.5 1.5 X 10- 1.48 X 10 - 5

.625 9.74 X 10 - 4  9.76 X 10- 5

.75 9.45 X 10 - 3  9.50 X 10- 3

.875 3.77 X 10-2 3.77 X 10-2

1.0 1.08 X 10-1 9.32 X 10-2

1.125 1.69 X 10- 1

1.25 2.63 X 10 - I

1.375 3.56 X i0 - 1

1.5 4.72 X 10- 1 5.48 X 10- 1

For the range of values in Table A-I, the formula seems to be accurate to

within 15%. It gives a useful initial guess for the start of an iteration

sAheme.
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APPENDIX B

FORTRAN LISTING OF THE COMPUTER PROGRAM USED
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PRI)GRAM TOPERIINPUT,nUTPUT,TAPE6)
CCWON A, BETA, BETAO, OINT, CAPA, CAP9*
2Ct'A(2),CIA(),CKlA(2i, 0M04(2)t FPSI F(2)9 FOC.(21,
3FUNC, G12), GAM'4A, IFZI, IP!!, JOR, Jos,
4. J1, J10Pp JIS, JlSP, K, KAPPA, I(SC,
5LEN'GTw, MU, Mt"Ulf Nsc, OMEGA, P, PI,
c6 RHO, SIGMA, yolp, YOE, Y1 09 YIRP, YIs,
7 V1SP

CCMMON INU109FR/ KMAX,NMAX,rPT, IPTMI,AE,ALENSWITC-i,ZOZ
COMMON /AQV/ AAARAY
CCMCN /eRY1 eARRAY
COMMON C-RV/ GARRAY
CCMMON/81W/BIXT1
DIMENSION eINTI(S1)
DIMENSION GA9?RAY( 51 ),AARRAY( 51 ),SARQAY( 51)
REAL LENGTHK,KSrNSl,LA PMU,MUC,NU,KAPDA

C ALL DIMENSIONS MUST BE MKS uS!SISSISIIISStSS
P1

MUlza..E-7'PI I EPSO=j.E-q/36./PI
IPT 2144. S IPTMI =IPT-1

?4UAX x S0 S K'4AX =50
NPAX1 = NNAX *I

I READ 5qA,.1OASTEPNUqNSO ,SWITCH
5 FCRMATI6EI2.5)

IF(LOA.LE.O.) STOP
OMSGA =2.*PI*%tJ
AE = STEPOA
LE'JGTH = IA *A
PR!NT 6,A,AE,LOA,NU,NS)

S FC9MATVITHE GFCMFTRY TS',/o* BEGINNING RADIUS 4,125
C *FINAL ROCIUS = 0,Ei1?.5,/,* LENGTH = *,E12.5,/f,* FREOUENCY
A E12.5,- DIELECTRIC CONSTANT=
ALFN = LENGTH
mu= zNrTrB)

1(0 =OMEGAOCMEGAOMUO*rPSO S I(2SOqT(XSG)
CALL GAMSCLV
CALL eINTC-Rt
DINT=0.
S14~PSON =4. 3 SIGN =-I.
BETA =-K S DTA 1/FLOAT(KmAx
I(MAX = 24 K14AX t1
00 100 K(1(21 KMAX G Og
BETA = BETA + OBETA 4t RHO =SORT(KSO-BETAOSETA)

CALL BETECO
DINT = DINT# FUNC
GO TO 9q

96 SIGMA = SCRT(NSQ*KSQ-BETA'SETA)
CALL INTEG
DINT =DINT* SIMPSON*FUNC*AeS(eETA)/RMO

q9 SIMPSON z SIMPSON +2.*STGN
100 SIGN = -SIGN

OPOP = CINT*CBETA13.
POINT 12,01NT,DeETADPOP

t2 FCOMAT(1"S, E12.S,*OeETA=*,E15.9,*AN0 THE POWER LOSS IS-,Ei2.5,/I)
1(MAX : (KIIAX *1II I GOTO 3
STOP S ENO
SU9POUTINE 9INTGRL
COMMON A, BETA, SETAO, BINT, CAPA, CAPS,

20Pf)AI2),0tDA(2),OKDA(2)q OA(2, EPS'1 F(2), FCG(PI,
3FUNC, G121, GAM'4A, IRzi, IPZ2, JOR, Jos,
1. JjQ, JIQP, its, JISPI K, KAPPA, KSC,

Copy available to DTIC does not

pezmit fully legible reproduction

B-2
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SLENGT4, Mu, muo, NSO, OMEGA, Pi PIS
6 RHO, SIGMA, YoR, Yojst ViR, VIRP, YIs,
7 'Visp

COMMON /NU'qBEP/ KP4AX, NMAXI1PT, IPTMIvAEALEN, SwITCm, Z,oZ
COMMON /eIN/ 5!INTI
CCMMON/GR'GAr-RAY
DIMENSION GARRAVU. ),qINTl(1
REAL IRZ1,IRZ2,JOR,JUSJ1Q,.JIS,JIRP,JISP,K,KAPPA,KSO,MU,MUG,NSO
REAL LENGI h

C USES A CCw~rNATION OF STMPSCN#S RULE AND THE TiAPEzorOAL OeLE TC EVALU
C THE INTEGRALS

FIRST = SDRT(KSQ#GARRAY1i)*GARRAYtil
DC 5 NNx2HNMAX 2?
SECOND = :!QRT(KSO. GARRAY(NN)*C-ARRAY(NN)
B!NTt(NN) = BINTI(NN-i) *.54(FIRST.SECONO)0DZ

SECOND 2FIRST *U..*SECOND
FIRST SORT(KSO. GARqAY(NNP)*C-ARRAv(NNP) 1

5 SINTI(NNP)= BINTI(NN-i) *(FIPSI4SECOND)*DZ/3.
RETURN I END
SU9ROUTINE INTEG
CC4"ON At BETA, BETAO, BINT, CAPA, CAPB,

2D"fA(2),CIDA(2),OKDAf2), DMDA(2), EPSO , F(2), FOG(2),
3FUNC, G(21, GAMMA, rRzi, IRZ2, JOR, Jos,
4 J19, ASRP, JIS, J1SP, K, KAPPA, KSc,
SLFNGTH, KU, HUc, NsO, OMEGA, Pt PI,
6 RHO, SIGMA, YOR, Yes, YlP, VIRP, Yls,
7 'VISP
CO'4"ON /WUfPSER/ KMAX, NMAX ,IPTIPTMI,AE, ALEN,SWITCH, ZOZ
CCMMON f8IN/ 93INTI
DINENSION eINTICI)
REAL JortJOSJIRijIQi~js,JISP,( KAPPA,KSOLENGTH,MU,4'C,HSO
REAL IRZIIRZ'
COMPLEX A$GSuMISUP'?
PRINT 2, I!ETA

2 FCOAT( II 9 BETA =*, E12.5,- SISSSMISISSS-

MMAX i= NPAXc +1 ~
Z0f 00
A=FN(Z) S C*0Z= FNP(Z)I SP21. .
CALL GAPFIND
CALL ERROR c
CALL IRZC
PRINT 3,AZPIRZivIRZ7
SUMI c IRZIDOZ*BEJI(KAPPA*Al /GAH"AIGAIOMA
SU'42 z IR2SDAOZ~qEJI(KAPPA.A)/GAMMA/GAMMA
SIMPSON as. S SIGN =-t.
OZ z LENGTH/FLCA?(MMAXJ f Z= DZNmAXN1=NMfAX-1
DC 100 NN2INMAX'41 SA=FN(Z) S DADZ=FNP(Z)
CALL GAMFINO
eINT = BINT1(NN*1) -qETA*7
ARG x CHPL)X(f.vEINT) I ARG=CEXP(-ARGI'
CALL IRZC j
CALL ERROR
IF (IPPT.LE .1)

lPQTNT 3,hzqrPZI,IRZ-,BINT ,GAMMA ,CAPA,CAPe
3 FORMAT(IH ,A ,E2,#Z=#,F12.5,* , 6E12.5)

IF(IPRT.GI.IP TP11 IORT % IPRT -IPT
IFRT = IPRT +1
SU&Et=SUNI# IRZ1wOAn?*ARG%;IPSCN *PEJl(KAPPAaA)/G5AMMA/GAMMA
SUM2SU42, IRZ2*OAOZAiRGOSIMPSCN *SEJI(KAPPA4#A)/GAMMA/GAMmA
SIMPSON =SIMPSON ,'.*STGN t SIGN =-SIGN

t? 7,7OZ
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A=CN(Z) I CDOm FNP(Z3
CALL GAMFIND
SINT = BINTI(NMAxi) - BFTA*?
ARGzCMPLX(C.,ETNT) S ARG -CEXPC-ARG)
CALL IRZC
PRINT 3,AzIr~ziIRZ2
SU'd1= SUI+107o1*DADZ* ARG *BEJI ('A~PA*A) jGAMMPA/GAMqWA
SUM2= SUMZ+.2.DADZ*ARG'PgEJI(KAPPAAI IGAMMAIGAM4A
FACTOR=.25*Pl /RHC/RIHO
SU'mi= SUPIFACTCR S SUM2=SUM2*FACTOR
SU4;SUpMIZ/3. 3 SUM?=SUt4OZ/1.
FtJNC= CADS (SUmi)* 02e CASS(SUM)

4 *2
PRINT 4,FtINC

4. FORMATI* THE VALUE OF 0 SOUAREO + P SQUARED FOR THIS VAL.UE OF SET

TA IS', E20.12)
RETURN S END
SUqROUTIN* IRZC
CC-RON A, BETA, BETAIN SINT, CAPA, CAPB,

20H!A2)vDIOAc2,CKOA(?)* 0OA(MV EPSO , F(2)9 FOG(2),

3ruNCl G-12), GAMMA, IRZI, IRZ2, J8R, jelst
'4 JtR9 AIRP, IlS its-, K, KAPPA, '(SC,
5LFNGTHt Mu, muc, NSQ, OMSGA, p, PI,
6 RHO, SIGMA, YOR, YOS, YiP, YiRP, VIS,
7 Yi1SP
DIMENIoN H(13), HF(3)
DIMENSION IRZ(2)
REAL IRZIIR22
REAL IRZ ,NU
REAL JOS,JiS,JtSPJOR ,JIRJ IRP,NSQ,K(,tUU,MU,KSQ,'(APPA
CALL HANKEL(,GAPMPAA,mv,HF0,.)
CALL FOGC
TEOM = A*GMAJRPCF/o~)JR/GMAGMtRORO
TED"= TERP-J1R/RHC /GAMM4A
TEOMI= A' (GAMIMA'I' R-RHND'VD'YIR/HF (1) I
TEOH ITE RI1I/ (GAPNAGAMMA HO* PO) -Y R/GAMPA/RHO
CALL D'40hC S CALL OKOAC
CALL DIDAC 3 CALL OMDAC
FACI=(BETA O*SETA) *GAMNAgRwO*OMfGA
FAC2z FACI*MU4CADpSFACi=FACt*EFSO*CAPA
FACI= FAC14TERM+(KSQ.?ETAfl2ETA) 'CAPE*J1R
FAC2= FAC2*TERM.+(KS0o9ETAO'93ETA)'CAPA *JIP
FAC3=(BETAO+BETA) *GAMMA'RH3'OMEGA
FACI.:FAC3*mU*CAPSTER1*1 S FAC~v FAC3*EPSC*CAPA*TERMI
FAC~z FAC!4YjR*CA0S(KSOqErA0*SETA1
FAC4= FACa,,Y1R*CAPA*((SQfBETA0*SETA)
00 2 11=1,2

2 IRZ(!)=FACitCOA(rI)PACICKD(I)FAC3O1OA(1I)FAC4.CMOA(I)
IR71 = IRZ(S) I IRZZ? IRZ(?)
RETURN 9 ENO
StL3RnUTINE BETECO
CONMON At BETA, BETA0, DINT, CAPA, CAPS,

2nH9A(2),DTOA(?),DKDA(2), 0'40AM9) EPS0 , F(2), I DG(2),
3FL'NC, G42), GAMMA, rAzt, IRZ2, JOR, JOS,
L. JIR, JtQp, its, JjSPI K, KAPPA, '(SC,
5LENGTH, mu, muc, NSC, OMEGA, P, PI,
6 1;409 SIGMA, YOR, Yas, yIP, YtRP, Yj13,
7 YISP

CCM"CN /BIN/ EITt
DIMENSION SIN1III)
CC%4MON /NU4SEF/f K MA,NMAXrPT, IPTM1,AEALEN, SITCH, Z,DZ
DEAL LENG7TNNSQ
REAL IRZI,IPZ2,JDRJn1sp,jOJS,JIRP,JtSP,K,KAPPA,KSaMU,MUONSQ
CCm'PLSX AG,StLMI,SUM?
PF!NT 2, IETA

Copy ivakilable to DTIc does. to t

eli ul! legible 101od~
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? FCC1"AT (I,' # ETA d ,E 12.

?ETA =J.
S 1GM A =K S CRT (NS Ql
Z =0.
A = FN(Z) I DAOZ= FNP(Z)

MPAI= NP05Y 41
CALL GAtPFIN
CALL IRZO

3 FCOMAT(IH *~A= *,F12.5,*Z= *,E12.5* *,6F12.5)

SUM! I Z1AZEi.PA')/A/'9A
StL"2 =IRZ20DADZ4EJJ(KAOPA'A) /CAMA/GAV-a
S1UAPSO0I =4. S SIGN =-I.

NMAX-1 = Nb4AX-1
00 100 NN =j,'4M.l)(9

A = F4,(Z) I DA02 = FNQ(Z3
CALL GAMFIN0
9INT = EINTI(NN#I)
AP =CMPL)1(0. EOINT) t AQ = CEXPI-ARG;)
CALL IRZO
CALL ERROP
IF(IPPT.LE .1)

lvcI4T 0,tAZ,!F!11 I99,0,CA'-A,CAOA,CAP=

IFPT = IPFT +1
SU'41 = SUP-1 + IPICn*P*I''C-EIKP&1/AI/AM

SU2= SUP'2 + IPC )''GSmSNEEIKP'A/!4/AM
SI"PSON =SIMPSON~ +2.*STI'

SIGN = -SIGN
100 Z= Z + C2

A =FM(Z I OADZ = FNP(7)

CALL GAMFINO
BI14T = INTI(NP'Axt)
ARG =CMPLY(C. E0INT) I ARG =CEYP(-ARG)
CALL IRZO

St2~i = SUIII + IPZ1$IA'7'!APG l IvPAA/Au/AM

SL"12 = SI?+ IOZ;1*0.10Z*AG *ErlKPAA/A4/~"
FACTOP =
St1'1 = SUP1IFACTOP 5 SU?= SUPMZ*FACTCR
FUNCr = Cft;S(SUMI) '*2 # CA?S(SU '23"2
FLNC =FLNC/RP40
RETUQN I E '4
StU9CUTINE OPSSFN
CC'CN /C-DPSOL/%'MAX
C C4 CN At BETA, BETAO, e IT CAP&, CAFG,

SLE-1 GIH, mJ, MU], 9 SC, 04EG .A, P, P

7 YISP
REAL IRZ1, IRZ2,Jl~,J0S,J1 Ptpj~lIPKKPDtStEG~,UP'

REIL NSC
0 HO5 S= SIGMAIA

JO*=PJO(F) I o==C0

J1op= (RJP-J1p)/P S YICP =(q*YOR-YIR)/P

illSzRFJO(SI t0C=9Fr (S)

PSUHI ENI

B-5 
lite



NSWC TR 81-299

VCMMON A, EETA, BETO, E INT, CAPA, CIP?,

?n4A ( 21, c A (2) , OXaA( ) , 0 DOA (2) p EPS9 Ff2), FCC()
3FUNc, G12) , GAIMAp IrZi, IRZZ, JOR? Jost

4 jt;, J1 Opt JIS, J1SP, K, KAPPA, KSC,

5LENGTH, MU, mija , NSC, OMEG, 0, T
6 PwO, SIGMA, YOR, YnS, VIR, YIRP, YIS,
7 VlSP

CC4MON /t4VMEF/ KMAx, NMAx ,IPT, IPTNIAE, ALEN, SwITCN, Z,oZ
DI-E NSTON -F ( ) , CUMl0) , IRZ7( ?)

REAL JOr ,JOSJIR,jIS,JiOP,JISP,IRZ,K,KS,MUO,JSC
OE5L IRZi,IRZ,KAPPA,LENGTH,MtJ

SICGMA =X*SCRT (NSC)
CALL -2E5SF N
B = K*YtR*JISF/SGMA4
D=KJIR*J1SP/SIGMA

GG=J ISOYIRD
Fl= SORT(PL0/EPSO)
FCG(I) = LGG-8 V* CGG-9) * E-D)*~(E-fJ)

FOG(1) =SORT(FOG(I) ) *Fi

FCG(2) = - FOG(I)
FAC I 25*1f*!*?AA*OEEPS/RH0
TI (GG-NSQ*E)442 + (E-4SO*O)**2
T2=(GG-@)f*2 * (E-f)*4
T2 TZ4MUOG/EFSO/FOGI1/FO7G(i)
F~t) = FAC*(TI +T21

c (2) = FM)
G (1) = FW1/FCG(I)

" 1)= - G(I)

CI"&t(11 =-OHCA(I)IJIQ

O~nSWfi = OHD4(I)*Yi0
OHDAc2) =CHO.'I)
D101(2 = 0104(t)

OKOA (I =.5*PI*(NSQ-I.)*KSQ/SORT(NS0)
TI = A* JOS

T2= ?.*J1S/A/KSr]/S1 PT(NS1))
T3 = -JIS/K/SrPT(NSr))
DMDACI) z -OKCA()(TIJIPP*T22J1RT3*JCR)*GCI)

OKO'A(1VCKCA(I)'fTI'YIRP+T2'Y1l+T"'YOO)C-(1)

TI =BETA 0GA?4MA*KO4:GA
T2 =Tt1dML0*CAPE
Ti = TI*EPSO'CAPA

X= GAM'IA*A
CALL '&AKEL(I1,X pmF,DUW, FQ,'JM)
TFOM = GAP1A*JO -RH-CFOIMr( ) *J1~z

TEO"' =A*TE-qM/(.AvMMAfAMA + RHCWRHOI

TEOM =TE;M-JIR/9i-/AM4A
TIz T 1*TE R? T? =' =?T

TI = T1 + KSQ*CAOP*J!O
T2 1 2 #KSG*CAFA'JtO

TFOM =GAMAYQ0*%O/,4~I)-YIR
TEP TERm*A/(GAMHASGAMM4+. 3rD -YIP/GA'v'!/

T3 =PTA0*ANMA'ieOm14
T14 = T3*Mt0*CAPE*.150M
T! =T3'EFSO*CAPA*Tr2m

TiW = T3 *IcSQ*Ytr*C.AP:
T= T4 *fSOlY1r*CAPI

,vailble to )TIC de
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11 p" T)= (i OHOI(T +T2*):) ( 7) T3*C1DA(I).r*'oDA(Il)

SUQCUrINF FOGC
CCQMCN At BETA, BETAO, eINT, CAOA, CAF?,

2DHr)h (2) ,DI CA (2),CD( 1() , D'ICA (2),9 EPSO , H(2) p FCCG(1)
3FUNIC, 0421, GAMMA, IRZ1, IP Z2, jq:l ,s

*4 jiA, J1-RP, iS, J1SP, K, KAPPA, '(SC,

5LENJGTH, MIL 9 Mug, NSO2, C M a, P, PI,
6 PUO, SIGMA, Yap, Yost yip, YIQP, YIS,
7 YtSp
REAL JOS ,JJS,J1SP,JOQ,JR,JlAPNS,,1UC
PE AL IRZ I, IRZ 2, X APP A,9 'SC, LE NGTI-, MV
CILL BESSIN
9= HC J1 SF"V *YIFS I GM a
C=(NSQ-I.)*K'EETA'J1S/(APHOSIGA'SIGMA)
F=C*JIR I C=C*YIP
O=DHOJ1SP'JtR lE=JiS*JIPP I G= JiS*YIP

FCG= (C-B)' (G-E) 4 E-DI' (E-!)).C*C+F-F
FCG= FOG/ ( i G-?NSQ*3) * (1,-NSf ~ '(E-v4S CD) * (E -NS CO) .C*C+F F)
FOG = SO P T(M4U 0*1FG/ EPSO)

C *CWER CALCULATICN
CC 5 1=1,2
FAC=S0RT0MU0/EPS0)/FnG(!)
P=(G-4SQ04CFAC'.24E-Ncr'D4F#FaCI.^2
P=".fCfG-3)*FAC)*4;' ,(r4tE-C)*FAC)**2
P=t5F*IP***;-T~7~,*POPRI
IF(P.LT.G.) P=-F
H(T)!=)PT(j./P) 3 r)(I) =HCI)/FCG(I)

5 FCG(?)=-FCG(1?
0=1j
RET;PN S END
SU991UTINE D'4CAC
COMMON A, IE TA, BErAd, EI'NT, CAPA, CAP-,

2DHflA(?),CIOA(21 ,D'(D1(2) , D-0.1(2) , EPS3 F(2l, FCC-Il,
3CtUNC, I C-,M, GA-4 A , IP9;! 1 IR!?, JOR, Jos,
*4 JlP, JIqP, J1S, jISP, K, KAPPA, '(SC,
5LENGTH, MU, mug, NSaj, OMEGA, P, p I,
c- Rwo, SIGMA, YOR, Yost YIR% Y100, VIS,

7EA ~IRZiIZAPPAS('LENGTM

TE041 = SIGM'ASIG-NSRMl'RHC
TEoMli: TEFI#A*JOS*Y1 PP/S IGPA
S= SIG4A*'i S 5=t.-2.'S/S
R=PHO*A IS=?./R-RNS*RS
S=S*JIS*Yi S TEOMI=TFDMqS, ('Sf2'HC'H/SIGMA/S1$MA-i.)'J1S'YOD
S= 0MEGA*EPS0*PI-C'slmA*STGP '
S= (NS9-1.)*K*K*L2FTA/lS
s=,*srlSGJOS*'vJPlq40RJi5*Ygo-2.SJISY1P/A)
DO 5 1=1,2

5 0AII)=.5*PI4PHO*(TERm4l4 cII) 4S*GIII
RETU~, S END
SU3900UTINE DTCAC
ccmmc~l A, eETA, BETAC, EINT, Cacti, CAFC,

*4 Jip Jlrp, JlS, JISPt '(, KAPDA, '(Sn,
SLE'IGTM, MU, 9 ug NSQ, rtrGA9 P, PI,

7 ytsp
OFAL lRZI, IPZ-?,KAP-1,'(SO, LENGTH,MU
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REAtL JOS,,.Ij,Jj5O,jOD,JjQ,JjPP,Ns,K,-d'JO

TEQMi = SIG4A.SIGMA-NsC.RHO*OHC
TE~mlzTERPl*A*JVsJtP/SIG4h

TERM'2 = TFPM2'jtS*J1PS TEQM3=NS(qMRCRC/SGMA/SIGMA-1.
TEOM3 = TEQ3*JlS-i
TEOMj= TERMI .TEPM? + TEPP4I
01I 5 r192

5 DIDACI) =-.S*PI*RH~O*(VEPM*F(l) +TERt45*G(I)
PETUOIN $ END
SUgROUTjINE DJKSAC
CCw'MON A, FETh, BETAO, ETNT, CAPA, CAPE,

201l.0A(2),CIOA(2),DKOAf23, 09O12), EPSO , F(2), FOG(2)s
3FUNC, G12), GAMItA, irtZ, IRZ?, JOR, JOS,

'. JIR, JIRP, JtS, Jisp, K, XAPPA, KSC,
SLENGTH, MV, t mun, NS'O, OM--A, P , Pi,
6 P'40, SIGMA, VOR, YeS, 'IIR, VIPP, yis,
7 YISP
REAL MU
RE AL I RZ 1, I Z 2, wA PP A, KS C, LENGr
DEAL JOS,j1S, J1SO,JODJ1Q,J1OP,NSC,K,4UO
TEO~l=MEG A*Mt*S1GMAP4.)
TEO~i:3ETAhIJ0S*V1R-SIGP0A * rOJ1S*YO-2.'J1SIYI:/A) /TEFM4I
TE M2= (A JOSYIIRD J1 VI lr/R9O/Sl!GMA/A-JiS*YOR/SIGl1)
OC 5 1=1,?

PI*R10474(1SO-.)**K/SGMA(TERI*FI) TER91?*G(I)

REUmI ENE2
,tl300UTINE ODAC
CC"MC.N a, EFTA, FSTAC., eBINT, CApA, CAPE,

3FU4C, G42), GA"A,' I Rz 1 , IRZ2, jfjR I Jos,
'. JIR, JSQP, JiS, JiSP, KC, KAPPA, KSC,
SLENGTH, mij, Mug, NSa, CMEGA, P, pit
6 R'10 SIGMA, Yq'~Q Yes, VIR, Yi.RP, Yls,
7 'lISP
REAL MU
REAL JOSJiS,JiS~ ,J0DJR,JIRP,NS,K,MqUa
REAL KAPPI,XSC,LENGT4
S= OMEGA MUVS 1GP ARH4
TEDMt:BET I/Se (SI MA 'J'S*JtR +0HC

4
J1S

4
JUR-2 .#JiSJI/A)

TEDP4 =A*JOS'JIRP.2. J 1S'J R/RHC/SIGMA/A
TERM = TEAM4 -JiSJO/SIG4A
00 5 1=i,2

5 Om!DA I )=
- -45*PI*R0O*NSO-I.VKK/1GMAiTERM*G(I) TERMIIFCI)

RETURN 3 END
SUBR9OUTINE ERPOR
CCmM9CN ZZv49g
REWIND 6

5 FCtlFAT1IOFt2.5)
RETURN I ENO
SUIROUT1NE GAwSCLV
COMIMON a, I ETA, BETA0, ErVIr, CAPA, CAPE,

PUlic, 9 G2), GAW4A, IRZ19 IPZl JaR, JQ.S,
4 JIR, J19p, its, JISP, K, KAPPA, 'CSC,
SLENGTH, MU, MU19 Nsf)9 OVIEGA, p? i
P gun,~ sIGNA, Yea, YeS, YfiR, YlRP, YIS,
7 'lisp
CC'mWCN /NJ"9Eq/ KMAN(,NmAV(,rFT, D-,FAL4SrCLp

Idoes o
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C^C'4MON /AWY/ AAPA
CCQ"mCN /Egy/ EA;;CY
CC'CON /G;V/ GA~zAv
0I ENSICN ARY),A V(,AR V!
PEAL JOJii
PF5L LOA,NU,mU
PEAL LENG1t'
DEAL K,IKAFPA,(SQ,PMU0,NSO

Z= G OZ=LHFlFG TgHFLOAT (N4A) SNPifjNM~+i
OC 5 TI=,?!AAI
CALL ITEDITE
IF(GAMMA .4LT.9.) PETVON

'. 1ETAO WSCI GAmA*Glwml
KAD '-C:ZT(NSC*KSf)-?ETAnj

BETAO SFHTEETIO)
X= KAPPA*$ I JGS2EJOtY) tJ1 = EEJlCX)

Y= ,A44A*A 1 CALL HANKTL(t9XNFDUMF0,DLP)
F1= SORT(ErSO/MLO)

FAC =(XAFPA-KAf-PA + rA'"9A 4 G!A)EET±0A
FAC = K4AmKAfFAA4KPAAF/FAC *G-M*AP
Bch = FAC4CTj+T2) 3EOASfl = ECA-80A
Tj = KAPFhA (APPA*ft ouaJG''+JfJlj -?,*J*Jl

= T1AXS(.F/ l 1+7

T2= '*BErA 3#T2,G mA/GAM '/GA ',1/GAH1'.t *JI*Jl
T2= T20i.mI9)fSC:/EPSO)

T? =T3-(SE TAG -EE TAGo "isc,/-. PA/rAl.MA/GPA/GAM4A
T3 = T332CA'?.4!,cT (NUO/EPS O*JI*JI
P= 7* l (IT+ 'k~ (R (~ am l
IF(P.LT.O.) P=-P

CAD
0  So29T(l./P) S P=I.

GARYrvGm4 SdAARAY(!t3'=CAPA I BARP.AY(rI)=cA~o

9A vN (Z)
NtX=0 S RElUPN I ENTRY GVACINO
NN = NNJ+i 3 G4FIMA = GARRdY CNN) f CAPA = A,!RP.'Y(N4) lk CAP3 E'C.

eSTAO=KS.GAtMAG1'.M1 SKAFA=Sf2vT(NSQ*KSO-2ETAG?
SETAO= SCry(SETAO)
tFCNN.C'E.NMAXII NN= a

RETURN I END
SUQf)UTINf ITERATE
CC M4MC N A,9 BETA, BETAO, EIIT, CAPA, C APO,

3suNC , G 02),9 GA M
A, I I "t,9 IPZ29 JODI, 17

'4 JtQ, JIRP, its, Jisp, I(, KAPPA, KCSC,
SL E'GTI, 9 P, muot N SriI C"'EGA, P, I I,
6 ZO IPAlQ O9 YR ?01 YS

7 YSPNf* :.~JCi
G4"AC~ /Nhe= K.12 AXEfO( y~r/A flPTM' A tAC.,SwTCp~

OT14E~srB- 9(oo
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O C 12 1=1960

GAd"MA =GCOMA + OGA?'*AA T fON= O2(AGAM'MA)

jj=?l SJP=2*-I 3(J.j)=GA~mA 3 BaJJD)=CN IJJMIX =JJA1X.2

GC 7C 6
SGAMM"A = C-AKM)A - OGA1"4A

7 EST=AMA + DG'l4'A"CL/(OL-CN)
OE =C(A,EST) I IF(AESfCT).GT.AlIN) GO TC P.
GAmmA = EST 3 RETURN

a INflEX= INEEX +1 1 IF(INCEX.GT.70) GO TO 6
IF(QS*QL) 1,1,5

1 DGAMMA = O1-GAMMA S ON = 0? 1 GO TO 7
5 OGAMfPA =C-A14M *OGAM4i-EST9 GAP44 =EST SCL=t2S!G0 TO 7
6 PRINT 4, TWOEX ,GAMMA QON9 OG AMNA , OL
4 FC0MAT(IN,*Tl-E ITERATION DID NOT CCNVEcE,/,I5,4EI5.9)

PRINT 8890
PRINT as,( 6(jJ),JJ=jJJMjAx)

88 FCPMAT(?EI2.5)
GAmMA z-1.
RETURN I ENT)
FUNCTION C(AvGAMMA)
CCMMON 22,9 BETA, BETA 0, SINT, CAPA, C APE,9

201'HA(2),0IDA(2),DKDAC2), ODM?) EPSO , F(2), FOG(?),
3F JNC9 G1?), COMsma, IRZt, IPZ2, JOR# Jost
4 it, A1pp, its, JISP, X, KAPPA, KSC,
5LENG T-, POV, MU09 NSO, OMEGA, P, pt
6 RHO, SIGMA, Yap, Yost Y1p, VIRP, YlS,
7 Visp
REAL J,N -C,K,'<AP,KSO,KAPSM
DIMENSION 44F( 3).
BETSQKS3GA~'lGA $SET A=S'DRT (SETSC) S GAMSQ=GAMmA*CAMOA
X40SO =N51K5Q-9FTS')
KAP=SORT (K PSO)
X= KAP*A I JD=BEJO(X) 3 it= BEJItX)
TEP41 (J0l-1./X)*A*GAMSQ/KAP

CALL HANKE LII,XHF,CUmFo,0Uh43
TERM2 =- F/'F(I)
FAC=( (SO*T(ERMI.1 ERM?) (TE 0 PI 4TERM2) -(NSC*TE?4iTEqM2) -(TERMI 4TEPM,2

2)
TEDNi=((NS0*NSO-1.) KSO-GAMSO) GAMSD/'eAPStl/KAPSa
Ol=c&C-TERPI
RETUPN S END

FU~'CTION FM(Z)
CCmMON /NUMBER/ KMA X, NMA x,IPT, IPTMI AE, ALEN, SwITCH

2 FN(= 04 Cl32EXP02*Z) 2 RETURN

ENTRY FNP
IF(SwITCiH) 3,3,5

3 FN zD3*EVP(02*Z) S RETURN
5 FN w0? I RETURN

ENTRY INIT
IF(SwITC') 7,7,f:

7 01 (Z-AE)/'(l.-EXP(SWtTCH) ) 1 02 = swITCH/ALEN S D3=OO
04 z Z -01 $ P*Iv'T 102 3 OETtJCN

I FCRMAT(*OEXPONENTIAL TAPER 1(2) = 04 + DI EXP(,EIO..,4Z)*
r3 P';INT 8
8 vCqvAT(*0LINEaR TAPEP (mA--CUSF) A =At + (A2-AI)Z* I

01 = Z S 0? (AE-Z)/ILEN
"TU)Q4 I END oe
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